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Abstract 

We study the semi-classical limits of the first eigenfunction of a pos- 
itive second order operator on a compact Riemannian manifold, when 
the diffusion constant e goes to zero. If the drift of the diffusion is given 
by a Morse-Smale vector field b, the limits of the eigenfunctions concen- 
trate on the recurrent set of b. A blow-up analysis enables us to find 
the main properties of the limit measures on a recurrent set. 

We consider generalized Morse-Smale vector fields, the recurrent set 
of which is composed of hyperbolic critical points, limit cycles and two 
dimensional torii. Under some compatibility conditions between the 
flow of b and the Riemannian metric g along each of these components, 
we prove that the support of a limit lies on those recurrent compo- 
nents of maximal dimension, where the topological pressure is achieved. 
Also, the restriction of the limit measure to either a cycle or a torus is 
absolutely continuous with respect to the unique invariant probability 
measure of the restriction of b to the cycle or the torus. When the torii 
are not charged, the restriction of the limit measure is absolutely contin- 
uous with respect to the arclength on the cycle and we have determined 
the corresponding density. Finally, the support of the limit measures 
and the support of the measures selected by the variational formulation 
of the topological pressure (TP) are identical. 
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1 Introduction 



A random particle can escape in finite time from tlie basin of attraction of a 
dynamical system [T71 [38] . Indeed a large fluctuation will ultimately push the 
stochastic particle outside of the basin even if the drift points inside. On the 
other hand, on a compact manifold, the analysis of the motion of a stochastic 
particle is quite different. In particular the particle can wander inside the 
manifold from one basin of attraction to another. We are interested here in 
finding the behavior of the random particle for large time and small noise. 

The answer to this problem depends on two main data, at least. First the 
geometrical space which is a Riemannian manifold and second a dynamical 
system. It is legitimate to think that the recurrent set of the field plays a 
crucial role since they are visited repeatedly by the deterministic particle. 
One can ask, for example, if certain recurrent sets are visited more often than 
others. To address this question, one would try to obtain an explicit solution 
of the Fokker-Planck Equation (FPE) and derive large time and small noise 
asymptotics. We shall study the FPE and in particular the ground state (first 
eigenfunction) when the noise is small. 

1.0.1 Formulation of the first eigenfunction problem 

On compact Riemannian manifolds, the behavior of the first eigenvalue of 
singular elliptic perturbations of first order operators has been the topic of 
many studies (among others [HI El)- As the viscosity parameter goes to zero, 
the first eigenvalue tends to a quantity called the topological pressure. We 
shall discussed briefly the concept developed in [31] and link it with the limits 
of the first eigenf unctions. 

In a previous study [23], when the first order term is a Morse-Smale field 
and a killing potential c is added to the dynamic, some properties of the limit 
measures of the first eigenfunction were obtained. It was shown that the limit 
of a normalized eigenfunction is concentrated on a subset of the recurrent set 
(see [23] )■ There, we have left open the characterizations of the limit measures. 
The purpose of the present work is to complete and extend this previous study 
[23| and to describe in some cases the properties of these measures. In order 
to make our exposition self contained, we shall recall briefly the links between 
the dynamics of a random particle and its survival probability distribution. 

If X^{t) denotes the position at time t of a random particle on a compact 
Riemannian manifold {V,g) its motion is described by the following stochastic 
equation: 

dX,{t) = h{X,{t))dt + cr(X,(t))rfw 

where w is the N-dimensional classical Brownian process and a is a vector 
bundle homomorphism from the trivial vector bundle V x into the tangent 
bundle Ty such that a a* = where a* : T*V ^ V x is the homomor- 
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phism dual to a and ^ : T V — ^ T* V is the canonical fiber bundle isomor- 
phism induced by the metric g. A potential c representing a killing term is 
added. Physical interpretations of c and computation of the survival probabil- 
ity can be found in [38| [25] . The survival probability distribution of a particle 
X^{t) located in the region y + dy at time t, conditioned by the initial condition 
X,{0) = X (see [3B]) is given by p,{t,x,y)dy = Pr{X,{t) ey + dy\X,{0) = x) 
and satisfies the backward Fokker-Planck equation (FPE): 

— — = £^gPe{t, X, y)+ < b{x), Vpe{t, X, y) > +c{x)p,{t, x, y) 

Pe{0,.,y) = 6y. 

We consider the Fokker Planck operator defined by 

= eA^ + e{b) + c, (1) 

where is the Laplace-Beltrami operator and 6{b) is the Lie derivative in the 
direction b. The function c is chosen such that is positive. cannot be 
conjugated to a self-adjoint operator by scalar multiplication. Since the opera- 
tor is positive and compact, by the Krein-Rutman theorem the first eigenvalue 
is real positive and associated to a unique positive normalized eigenfunction 
Me (see for example [36]). 

The probability density function can be expanded using the eigenfunc- 
tion of 

Peit, X, y) = e~^'^u,{x)u*{y) + R,{t, x, y), 

where the second term Re{t, x, y) decreases exponentially faster than the first as 
t goes to infinity, and u* is the first positive formalized eigenfunction associated 
to the adjoint operator L*. The first normalized positive eigenfunction Ue > 0, 
is a solution of 

eAgU^ + (6, VmJ + = KUf, (2) 
u'^^dVg = 1. 

Equation ([2]) has a long story in the literature, starting from the work in the 
70 's in R*^ to more recent endeavors, to find a quantum analog of the weak KAM 
theory (see for example [U]). In that case, when the field b is Hamiltonian, 
the measure u^u*dVg as e goes to zero concentrates on a specific set. 

1.0.2 Limit of the first eigenvalue and the topological pressure 

Under hyperbolicity assumptions on the field 6, the limit of the sequence 
has been determined in [lOl [31] . It was based on the fact that Ae is given by 
the following variational formula (see [TO]). 



Ae = sup ( / cd^ + inf 



u>0 



[U] ^ 

-djj, 



u 
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where fj, belongs to P{V), the space of probabihty measure on V. It is proved 
in [31] that when the recurrent set K of the field 6 is a finite union of isolated 
components Ki,K2,.--,KAr which are hyperbolic invariant sets, the limit of the 
first eigenvalue as e goes to zero is equal to topological pressure, denoted 
by TP and defined as follows: 

TP{K,) = snp{h, + / (c ^\,^,)df^ I ^^ e P{V), 

IJL Jv 

support C Kj , 11 04 — invariant}. 
For any union U of -ft'/s, 

TP{U) = snpTP{Kj), where 

is the metric entropy (see [37]), (pt is the flow of the vector field b and 
D(j)^ is the tangent mapping of (p restricted to the unstable bundle T^.V of 
Kj and detDcp^ is the determinant of D(f)^ with respect to the metric g. A 
(pt — invariant measure fij G P{V) with support in Kj such that 

TP{Kj) = h^^ + y^(c |t=o)rf/ij 

is called an equilibrium state associated to Kj (see [31], [10] for existence). Up 
to a reordering of Kj we can assume that TP{Kj) = TP{[JiKi) if 1< j < I, 
and TP{Kj) <TP{UiKi) ii j > I. 

A measure fx = Yl]=iPjl-''Kj where fXKj is an equilibrium state associated 

with the set Kj , pj > 0,^^.^^pj = 1, is called an equilibrium measure (see 
Theorem 3.4 in p. 20). Unfortunately, neither these results nor the methods 
used in [31J, Donsker-Varadhan [IQ\- [ilj-[i2j and many others do give us any 
information about the first eigenfunction as e goes to zero. 

1.0.3 Limit of the first eigenfunction 

Let us introduce the following notations, 

b = Q + VC , = e"^M„ (3) 
Ce = e(c+^) + ^£, 

where the function £ is a special Lyapunov function (see appendix 1 of [24J, for 
a construction of C associated with a Morse-Smale vector field on a compact 
Riemannian manifold). The introduction of the function C is natural because 
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in the neighborhood of any recurrent sets of the field b, it coincides to the third 
order with the solution of the associated Hamilton- Jacobi equation = 
0). This solution has already been introduced in the classical text books by 
Courant-Hilbert to find approximations to the solutions of the Wave equation, 
and later on by Schuss [38], Kamin [281 [291 [30] , Friedman [19], and many other, 
in the context of the diffusion equation. The exponential of the Lyapunov 
function plays the role of a convergence factor, which is a well established 
technic in analysis especially in the study of divergent series and integrals. 
Equation ([2D is transformed into 

L,{v,) = e'^AgV, + e{n, Vv,) + c,v, = eX,v„ (4) 

and we impose the normalization condition 

Jv„ 

In equation @, eX^ is the first eigenvalue of the operator 

L', = e^Ag + e9{n) + c, 

and is the associated positive [3S] eigenfunction. It has been proved in [21] 
that the weak limits of the normalized measures v"^ dVg are supported by the 
limit sets of the field b. In order to obtain a precise description of these limits 
additional assumptions will be made on the behavior of the vector field b near 
the hyperbolic recurrent sets. Usually the first eigenfunction will not have 
any limits as e goes to zero in any of the classical "strong" topologies. On the 
other hand we will characterize the limits of the measure v'^dVg if we assume 
that 6 is a generalized Morse-smale field, the only recurrent components of 
which are hyperbolic points, cycles, two dimensional torii and the hyperbolic 
structure satisfies some compatibility conditions with the metric. The main 
result of this work can be summarized as follow: 

" On a Riemannian manifold, for any choice of a special Lya- 
punov function C, vanishing at order 2 on the recurrent sets of 
the field, the limits as e tends to 0, of the normalized measures 
e~2^u^dVg, are concentrated on the components of the recurrent sets 
which are of maximal dimension and where the topological pressure 
is achieved. " 

1.1 Notations and Assumptions 

We shall make the following assumptions on the field b: 

I) The recurrent set is a finite union of stationary points, limit cycles and 
two dimensional torii. 
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II) The stationary points are hyperbolic and for each such P the stable 
and unstable manifolds belonging to P are orthogonal at P with respect to 
the metric g. 

III) Any limit cycle S has a tubular neighborhood equipped with a 
covering map $ : ]R"*~^ x M — > having the following properties: 

(a) for all {x', 6) e W^'^ x M, 

^-^o^{x',9) = {{x\e + nTs)\ne'L} 

where T5 is the minimal period of the the cycle S. 

(b) at any point (0, 9) e M"*"^ x M, 

m— 1 

{^rgi^,,e) = Y.dxl + g^-{e)de\ 

n=l 

where 9 = 

(c) at any point (0,^) G W'-^ x R , 

d Q 

up to term of order two in x' = {xi, ..Xm-i), canonical coordinates on R'""^. 

(d) the (m — 1) X (m — 1) matrix B ={Bij\l < i, j < m — 1} is hyperbolic 
and its stable and unstable spaces are orthogonal with respect to the Euclidean 
metric J^^Ii xf^ on M"*"^. Denote by S*(resp. S") the restriction of B to the 
stable (resp unstable) space. 

IV) Any 2-dimensional torus R has a tubular neighborhood equipped 
with a diffeomorphism $ : W"~^ x — > having the following properties: 

(a) at any point (0,^) e W^-^ x R^, ^ = (^1,^2) ^1,^2 cyclic coordinates, 
with period one. 



m-2 

($-^)* ^(o,e) = J2dxl + a{9)d9l + 2b{9)d9id92 + c{9)d9l 

n=l 

(b) at any point (0,^) e R™-^ x ^ 
where: 

(i) the (m — 2) X (m — 2) matrix B ={Bij\l < i, j < m — 2} is hyperbolic 
and its stable and instable spaces are orthogonal with respect to the Euclidean 
metric Y^^^I^ xl on R'"-^ 
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(ii) fci, A;2 G M and |^ G M — Q. A torus with such a flow will be called an 
irrational torus. 

(iii) there exist constants C > 0, a > such that for all mi, m2 € N, 

\miki + m2k2\ > C {mj + 7711)°" (5) 

This is usually called the small divisor condition. We call assumption (i) in all 
the previous cases the Orthogonality Assumption. 

Definition and construction of a special Lyapunov function 

Given a Riemannian manifold (V, g), of dimension m and a vector field b on 
V, having as recurrent components stationary points, limit cycles and two- 
dimensional torii satisfying hyperbolicity conditions and compatibility condi- 
tions with g, stated as in paragraph II. ![ then there exists a Lyapunov function 
C satisfying the following properties 

1. Outside the recurrent sets, dC{b) < 0. 

2. In the neighborhood of any recurrent elements S (points, cycles and 
torii), in the coordinate system defined in 11.11 the first nonzero term of 
the Taylor expansion of £ is a quadratic form C{x) =< A{S)x, 
+0(||a;|p). a G {0, 1,2}, is the dimension of the recurrent components. 

3. In the splitting of M™"'" = M™- a G {0, 1,2}, the matrix A{S), 
splits into As{S) and Au{S). They have the form: in the system {U, Xi, .., Xm)- 

r+oo 

A-\S) = - / e*^^n,e*^=*rft, 
Jo 

r+oo 

Jo 

where ns,n„ are positive definite. For later purposes, we take Uu » 
21 dm^ and Ilg >> 21 dm^. The symbol >> denote the canonical order 
on the set of symmetric matrices. 

4. 

^{L) = 1( \\vc\\l + 2<vc,n>g) = 

^{-\\VC\\l + 2<VC,b>g)>0, 

where equality occurs only on the recurrent sets. Moreover, 

^(L) = ^ < B*A{S) + A{S)B - 2A{Sfx, x >m™-. +0(| |x| 

where the conditions on 11^, n„ given in 3 implies that 
B*A{S) + A{S)B - 2A{Sy » 0. 
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Remark. From the conditions above, it may be surprising that all we need for 
our study is the knowledge of g and b up to the first order along the recurrent 
set. 
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1.1.1 General Notations 



<>>g 

dg 

exp^ 

L\V): 
i/i([0,t];V): 

A. 
h 

e{b) 

V 

P{V) 

C°° - topology: 
TP 



= scalar product associated to g 
V X V M+ := distance associated to g 
TxV I — > V^:=exponential map of g with pole x 

= volume element associated to g 

=L? — space associated to dVg 

= the space of all Hi curve from [0,t] to V 

= negative Laplacian associated to the metric g 

— vector field on V 

~ Lie derivation operator associated to b 

— gradient associated to g 

— space of all probability measures on V 

^uniform convergence of all the derivatives on compact sets 
= Topological Pressure 
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9' 



AT' 



det{g) 



-pk 



^ijk- 



ij=l 

inverse matrix of gij 



m—l 



i=l 



:= det {gij) 

.— Christoffel symbols of gij 

dgjj 
dxi 



2 \ dxj dxi 



dV 



jk 



dxi 



dx 



I ™ 

ik 1 \ ^ f-pl -pn -pi -pn 1 



n=l 



Rijkl '■- 9\nRiit 



n=l 



Ric 



'kl 



R := 



e{h) 



Rjklj 

m 

^ dx" 

1=1 
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Along a limit cycle S, parametrized by the trajectory x^, : W ^ V , we denote 
hj < g >s the average of any regular function g, 



1 



Ts 



< g >s= 7f- / gix,{e))de, 
-^s Jo 

where Ts is the minimal period of the limit cycle. Finally we denote 

9 = 9- < 9 >s ■ 

1.1.2 Expression of the Topological Pressure in some cases. 

The topological pressure of the recurrent components uj of b are given by the 
following formula 

TP{uj) = 7r^ + R{uj). 

where 

TT^ = y^min(0,-ReAj(a;)), 

i 

where Aj(co') are the eigenvalues of the matrix B (see paragraph ll.il) and 

• (i) if uj stationary point, R{uj) = c{uj), 

• (ii) if u; is a cycle parametrized by 6 (notation 11.11) . 

Rico) = ^ r c{e)de. 

^u) Jo 

• (iii) if is a 2-dimensional irrational torus, in the coordinate system 
defined in the paragraphs 11.11 



Klk2 Jf2 



where c{6i, O2) is the restriction of c to a;. 
The topological pressure of the field b is 

TP = max{7r^ + R{uj)\uj recurrent components of b}. 
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1.2 Definition of Concentration Phenomena 



We shall say that a limit of a measure <■ " o/t/ is concentrated on a set S if S 
has an open neighborhood U such that the support of the restriction of a limit 
measure to U is S. The total mass of the restriction is called the concentration 
coefficient. 

Definition 1 For all 5 small enough fixed, Bp{6) is the geodesic ball of radius 
5, centered at P, the concentration coefficient cp is, 

There exists r > such that the restriction of the limit measure to the hall 
Bp{r) is cpSp. 

This coefficient characterizes the concentration measure at point P. Similarly, 
for a set S, which can be a cycle F or torus T, we have 

Definition 2 If ^ is a limit measure for a small enough 6, such that suppii n 
T^{S) — S, (T^{S) the tubular neighborhood of S) and the concentration coef- 
ficient cs{ij) is defined by: 

ifvljV, ^ ^Ji then csii^) = i^{T'{5)) = lim " 
It depends on the limit /i, but not on S if small enough. 

We will need the following additional definitions. Let us denote by Q^^ a 
maximum point of in Us- 

Definition 3 A sequence v^^ where e„ tends to zero is said to charge a set S 
if the following limit exists and 

75 — hm — > 0. 

e„^0 maxy v^^ 

75 is called a modulating coefficient. Note that this coefficient depends on the 
subsequence. Such sequence is called a charging sequence. Finally, a sequence 
where e„ tends to zero is said to maximally charge a set S if 

Is = 1- 

We remark that the definition of js does not depend on the open set Us, small 
enough . 
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2 Main Results 

Theorem 1 On a compact Riemannian manifold (M.g), let b be a Morse- 
Smale vector field and C be a special Lyapunov function for b. Consider the 
normalized positive eigenfunction > of the operator — eA + 6{b) + c, 
associated to the first eigenvalue A^. 

1. The recurrent set R of b is a union of a finite set of stationary points 
R^ , a finite set of periodic orbits Rp and a finite set of two dimensional 
irrational torii R*. The limit set of a normalized measure 

u\e-'^l'dVg 



Jyy,e-^/^dV,' 
is contained in the set of probability measure /i of the form 

//= ^ cpSp+ ^ arSr+ ^ 6t<^T 
PeRt^ reRl TeRt^ 

where R^p (resp.Rfp, Rip) is the subset of R^ (resp.R^, R^), where the 
topological pressure is attained. Sp is the Dirac measure at P. 

For FeRP andhe C{V), 

Sr{h)^ r fr{9)h{m)de, (6) 
Jo 

where 6 E — ^r(^^) E V is a solution of b representing T (see the 
notations for the precise definition of 6). The periodic function fr is 
given by 

/r(^) =exp{- f c{T{s))ds + ^ r c{T{s))ds} 
Jo J-r Jo 

and Tr is the minimal period ofV. 

For re R* and h e C{V), 



h{h)= [ h{9,,92)fT{9^,e2)dSr, (7) 

where dSj; is the unique probability measure on T invariant under the 
action of the field b and /tt is the unique solution of maximum 1, of the 
equation 

+ + c/ = H2f where ^2= I cdSj. 

d9i 892 h 
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2. The coefficients cp, or, &t o6ey the following rule: If at least one coef- 
ficient b'f > 0, then for all cycle ar = and all points cp = 0. // all 
coefficients bj = 0, and at least one coefficient ar > then all cp = 0. 

3. The limit measures of the first eigenfunction are concentrated on the 
recurrent set TZ of Vt, where the topological pressure is attained. If uj & 
IZ, and TP{ijj) ^ TP{JZ), where TP{uj) is the topological pressure at 
oj, then the limit measure associated with the normalized eigenfunction 
-j^ — r^/t'^Yj.r has no contribution on uj. 

Remarks. 

In this last theorem, we consider only two dimensional torii such that the 
restriction of the vector field to the torus is diffeomorphic to an irrational 
fiow. We do not known what should be the equivalent theorem for a field 
where the recurrent set contains a two dimensional surface S of arbitrary 
genus. If the recurrent set contains a two dimensional sphere, any field contains 
critical points. Since there is no ergodic field on S*^, this suggests that the 
concentration of the first eigensequence cannot be absolutely continuous with 
respect to the surface of the sphere but should occur on some subsets 5*^, such 
as the critical points. For a general Riemannian surface, it is not know how 
to construct an ergodic field on it and how the concentration occurs on such a 
surface. 

When a recurrent set is a Riemannian surface S which contains a limit 
cycle, it may be that the concentration occurs on the limit cycle rather that 
on the entire surface. Using a stability argument, we expect the concentration 
to occur on a minimal recurrent set of maximum dimension. We have not 
made any investigation in that fascinating direction. 

It is a very interesting problem to determine the limiting weight cp, ar, &t of 
each component. Actually, even the uniqueness of the weight is still unknown. 
It is indeed a very difficult problem and no much results about this problem 
are mentioned in literature. The results presented in this paper constitute a 
first contribution toward the solution of that problem. 

2.1 Description of the method 

We prove the main results in several steps. First by using gauge transformation 
involving a special Lyapunov function £, the first order term in the partial 
differential operator given by expression ([1]) is transformed into one which 
becomes arbitrarily small as e goes to zero. 

The second step is the blow-up analysis of the eigenfunction. In it has 
been proved that the concentration occurs on the recurrent sets of the field, 
and that the supports of the limit measures are contained in the set where 
the function defined by equation ([3]) (paragraph 11.0.31) . vanishes. Under 
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appropriate assumptions we show that if a component of the recurrent set is a 
cycle or an irrational 2-dimensional torus, the restriction of any limit measure 
to it is absolutely continuous with respect to the unique measure invariant 
under the flow generated by b on the component (in the case of a torus, the 
measure is unique because our assumptions imply that the flow is ergodic). 
Moreover we give explicit formulas for the densities of these limit measures. 

In the last step, we compute precise decay estimates for the eigenfunction 
and for that purpose, we use the Feynman-Kac formula for the eigenfunction. 

2.2 Induction Principle for the localization of concen- 



As stated in the main theorem, the selection of the recurrent set depends on 
the topological pressure only. On the other hand, the limit measures depend 
on the total jets of the field b and the potential c along the recurrent. The TP 
is not sufficient to determine the final support of the limit measures, because 
it involves only the first term in the expansion of the eigenvalue in power of 
e^/^. To obtain a more precise localization, all the expansion has to be used. 
This question is similar to the double-well potential problem: what are the 
coefficients of the limit measure when there are two recurrent sets where the 
TP is achieved (see [21])? 

Remark 

In this section we study the concentration of a limit measures on the critical 
points of the field b. Because Q is not a gradient, we cannot use variational 
methods in our study (equation (jlj) can not be conjugated in general to a 
variational equations). Using the special Lyapunov function, constructed in 
|24j . equation (jlj) is transformed into 



where q and have been computed in This transformation is crucial in 
our analysis to obtain interesting results. 

Weighting by e~~ enables us to extract the main features of the limit 
measures. Another advantage of using the transformed equation is that the 
first order term tends to zero with e. Moreover, since the choice of the special 
Lyapunov function C is not unique, one would expect that the limits depend 
on this choice. In fact, it turns out that according to our construction of 
the Lyapunov function, the second order term of which satisfies the linearized 
Hamilton- Jacobi equation, the limit does not depend on this choice. 



t rat ion 
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3 The case of critical points 

3.1 Rate of convergence of the maximum points 

Here we study the behavior of the maximum points of = Ugexp—^. This 
is usefull when we are going to normahze the eigenfunctions. Let Aie be the 
set of maximum points of f^. TZ denoted the recurrent set of b. 

Lemma 1 There exists a constant C > such that sup{d{P,TZ)\P G Aie} < 

Remark. This situation is similar to the variational case p3] where the se- 
quence of global (also local) maximum points converges to a point of the 
recurrent set of the field. The rate of convergence depends on the order of the 
vanishing of on the recurrent sets. 

Proof: The proof is an immediate consequence of the Maximum Principle. 
Indeed, at a maximum point (or local maximum) P G M-e-, AgV^{P) > and 
{9{Q)v^) (P) = 0. Thus, using equation (jl]), because the sequence is positive: 

c.(P) < eA,. 

Because q = e(c H — |— ) + , we obtain the following estimate 

A C 

< ^c{P) < e(Ae + max|c + ^|). 

V 2 

The definition of implies that there exists a constant Ci > such that 

^£(P) > ^d{P,'}Zf. 
Hence for some constant C and all P G 



diP,nf < Ce. 

3.2 Weak limits of the eigenfunctions w^: case of points 

Let {U,xi, ...Xm) be a coordinate system at P, as defined in section [TTIT I). The 
blown up function is defined on the subset (U) of by 

v,{y/ex) 
w,{x} = , 

where x = (xi, ...Xm)- As e tends to the behavior of is described in the 
following theorem where A^; = — J2n=i 
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Theorem 2 Let P be a critical point of b and let {U,Xi, ...,Xm) be a normal 
coordinate system centered at P , as in section (I) of 

• Any weak limit w of as e ^ , is in C°° and is a solution of the 
equation 

Aew + J2 + HP) + -^iP) + = A«;, (8) 



<w <l, 

where YlTj=i^ij(P)-'^j'^ linear part of the field Vl at P, 4'2ix) 

is the quadratic form representing the terms of order two in the Taylor 
development of P (^iT-d X > is equal to the topological pressure: 

n(P) = c(P) + ^I^(P) + ^{max(0,Pe(T(r](P)))|(T(fi(P)) eigenvalue o/^](P)}}, 

where the sum in the right hand-side is the sum of all real parts of the 
eigenvalues of the matrix {Qij{P)\l < i, j < m) , each counted according 
to its multiplicity. 

• There exits a sequence w^^ such that — > as n goes to infinity, which 
converges to w in the C°° topology. 

• Either w is identically zero or < w < 1. In addition, if the sequence is 
maximally charging at the point P then w{P) = 1. 



Proof. satisfies the equation: 



i,j=l 



il''-{xy/e) dWf {x) 



dx^ 



w^{x) = X^w^{x) 
(9) 

where ge{x) = g{y/ex). The assumptions on b and C at the point P imply that 
the functions fl and of the variables (x, e) defined for 1 < i < m by 



ni(x,V~e) = fore>0 



^n]{P)xj, for e = 
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and 

e 

^^(x,0) = = ^< A{P)x,x>uru, 

where < A{P)x, x >Rm is the initial term of the Taylor expansion of at P. 
Let us call the operator 

Because the second order operator is uniformly elliptic for e G [0, 1] (0 
included!) on every compact set and its coefficients are C°°(in the variables x 
and -y/e), classical interior elliptic estimates (see imply that We is bounded 
on every compact set in the C°° topology uniformly in e G [0,1], being 
bounded by 1. Ascoli-Arzela's theorem implies w is the limit of a sequence 
{w^J\n G N, — > 0, which converges to w in the C°° topology, if is a 
classical solution of the elliptic equation 

/\ew{x) + ^ ^(P)x,-^ + [^2(x) + {c + /\eC/2){Q)]w{x) = \w{x) on W^. 

■ ■ -I OXi 

We want to determine the function w. With that goal in mind we shall 
transform equation ([8]) into a well known one. Set 

<A{P)x,x>um 
z = wexp . (10) 



Then 



AeZ + J2 i^iP) + = - c(0) - trA]; 



. . , dxi 

If X]ij=i PijiP)^j'£r denotes the linear part of 6 at P in the coordinate system 
{U,Xi, ..,Xn): 

n]{P) + AiiP) = B]{P) 
The operator A^; + YlTj=i'^j(-P)-'^j^ ^^^^ known: it is the celebrated 
Ornstein-Uhlenbeck operator, z is a solution of 

AeZ + J2 B]{P)xjj^ = [A - c(0) - trA]z (11) 

19 



If (Ji, (72, are the eigenvalues of B{P), each appearing a number of times 
equal to its multiplicity, using the result of [32j, we have 



A = n(P) = c(0) + TrA - min[0, Rea„ 



n=l 



equivalently 

A - c(0) - trA = -TrB\ 
3.3 The Ornstein-Uhlenbeck model 

Clearly the function C : M x M™ ^ M, Cit,x) = z{x) exp{tTrB'') is a solution 
of the parabolic equation 

l + A^C + EW-.f = (12) 

ij = l * 

We are going to show that Kolmogorov's integral 



1 

(47r)'"/2(rfetQt)i/2 



i / e"<'5t ^y'y>/^z(e^^x - v)dv 



(47r)™/2(det( 

is a C°° function satisfying the equation f[T^ . Here 



t 
Jo 

Because z = wexp <^(-P)^'^>k'" ^ 



where 



q{x,y.t) = \ < Q-,\e-'^x - y), {e'^^x - y) >, < ^(^)^'^ >i 



4 ^ 2 

11 1 

qix,y,t) = < f^ia;,x >Mm - Ps,tXs\\'i,n + -\\Ru,tyu - P«,ti/„| 1^^,(14) 

where Rg^t, Ru,t are the unique positive definite operators such that: 
-^s,t = Qs,t ~ Rl^t = '^uj — 2y4„. 
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where 



Us,t is negative definite and Uu,t positive definite. 



Tt{z){x) 



Lemma 2 The operators just defined have the following properties: 
(i)For small t > : 



1. Qs,t = t Ids- t{^^) + 0{t^) and Q-l = \lds + + 0{t). 



2. Qu,t = t [idu - t{^^) + 0(t2)] and Q^i = \ldu + + 0{t). 

3. = ]lds+^^-2As+0{t) andRl^ = i \lds - t{^^ - + 0{e) 



4. = lldu+^^-2Au+0(t) and R^l = * [idu - t{^^ - 2A^) + 0{t^) 

5. Us,t = -2 As + 0{t) and Uu,t = -2A^ + 0{t). 

6. R-^Q-le-'^^ = Ids + 0{t) and i^-jQ-je"*^" = Idu + 0{t) 

7. detQt = t"^-i(l + 0(t)). 
(ii) When t — > +oo: 

1. Qs,t ^ oo and Qu,t ^ Jo" e-'^-e-'^*^ds 

2. Rs,t Rs,oo = V-2As and Ru,t ^ Ru,oo = ^Qulo - » 

3. Q7}e-^^^ and hence Ps,t = Rj^Qlle-*^^ 0, Us,t ^ (/o^°° e^^^e^-^^ dr) ~^ 
^. Q„,t ^ Qu,oo = /o^~ e-*^''e-*^Scii, P„,t = i^;:jQ;:je-*^'' ^ 0, ^ 0. 



^Mi; e^*^'-^^ det Qs,t ^ det /+°° e^^^e^^^ 
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Proof. Most of the statements of the lemma are trivial. Let us prove (ii) 

3). 





Hence e*^'Qs,t — oo, Q7,t^~*^' ~^ 0- We now compute 

Us,t = e-*^^* (g;i - Q-lR7,m) = e-''*^Q:y' - e-'^^^Q-lK^Qlle 
Hence 

Moreover 

e-*^jQ-,^e-*^^ = (e*^^g,,ie*^=*)"'.e*^^g,,te*^J =e*^^ t e'^^^ e'^^*^ dre'^*^ . 

Jo 

Thus 

Hence as t — +cxd, 
and 

/ r+oo \ -1 

To prove (ii) 4) note that 
Because 

Qu,t ~ Qu,tRu,tQu,t ~^ Qu,oo ~ Qu,ooRu,ooQu,ooJ 

Uu,t tends to 0. 
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To prove (iii) note that 

r+oo 



Hence 



But 







-oo 

dete*^^ det Qs,t det e*^-* ^ det / e^^^e^^*cir. 





dete*^^ =dete*^* =e™. 

So as t — > +00, 

/■+00 

e^™^ det Q,,t ^ det / e"^^e"^*rfr 







The formulas f|T3l) . f|T4l) imply that Tt(z) is a function of x for t > 0. The 
integral 



/ w{y)exp-^ {WRs^tVs - Ps,tXs\\'in. + \\Ru,tyu - Pu,tyu\\Rn.} dy{15) 



^-tTrBs r I 

(47r)™/2(rfetgt)V2 

is bounded by supw for all t > 0, because by Lemma [2],(ii) and (iii) 2) 



/ r+co 

e*^"^Vdet Q.,t ^ Wdet y e-^^e-^^*(ir (16) 

and ^ V-2^s and i?„,oo = " 2A„. Hence \Tt{z){x)\ is 

bounded by C^exp— ^ < Us^t^u^Xu >r™, where 



fdet/+°°e-^^e-^=*rfr) ^ . 

These properties imply by Tikhonov's theorem [13] : 
Lemma 3 /or all t > 0, Tt(z) = e'^^'^^'z. 

Proof. It is sufficient to prove that Tt{z) — > z and that Ct —>■ I as t —>■ 0. Using 
Lemma ([2]) and the representation f|T5l) we can show that: 

T,(.)(x) = ^"P+'f^^^'-'^^-x 
(4t)^(l + 0(t)) 

w{t] + (1 + 0(t))x)e"^^^("''""K'"''+"''"'»'"")(i77. 
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Because w is bounded at oo, we see that Tt{z)e 2<^^'^>k™ and we tend 

to w as t ^ 0, uniformly in x and that Ct — > 1. The functions Tt(z)e~^^^^'^-^^-"" 
and w are both bounded by quadratic exponentials and satisfy the same 
parabolic equation 

AEh + ^ ^)iP>jg^. + [^2 + {c + AeC/2){0) -X]h + — = 0. 

and both functions have the same limits as t — 0, Tikhonov's theorem |13j 
implies 



Lemma 4 The solution z does not depend on the unstable variables x„ and is 
given explicitly for x = {xs, Xu) G by 



z{x) = C exp I — - < 



+ 00 



where C is a constant. 

Proof. Using lemma ([3]), Kolmogorov's formula (!29|) gives: 



z[x] 



^-tTrBs + \<Utx,x>^r, 

{47r)"'/^{detQty/^ 



w 



Letting t +oo in the expression (fTTl) above, using the preceding estimates 
in Lemma (121) and the fact that w is bounded at cx), we see that: 



exp — 



zix) 



(47r)^ Jdet£°"e'^^e'Bsdt 



exp 



z[x) 



\K e'^^e'^*dt) x„x,>j 



(47r)^ JdetJ^'^e'^^e'Bsdt 



X / w 



Let us summarize in the following theorem, the results obtained so far 
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Theorem 3 Let {Vm, g) be a Riemannian compact manifold, and h he a Morse- 
Smale vector field the recurrent set TZ of which is a finite number of points. 
Let L he a special Lyapunov function. The limits fi of the probability measures 
associated to the eigenfunction of L^, defined by 



are of the form 

/i = ^ cp5p, 

PdStp 

where the set IZtp is the subset of TZ where the topological pressure is achieved 
and Epe7^tpCp = l,cp > 0. 

1. Wherever the topological pressure is achieved, the solution w of the blow 
up equation ^ satisfies, 

Aew + {Qijx\ Vjw) + [^c{x) + (c + AeC/2){0)]w = Xw on M"" 

< w <1. 

w is C°°.It attains its maximum and decays quadratically exponentially 
fast at oo : there exists a constant C > such that 

2. There exists a constant C{b,g) such that 

lime™/2^2 _ C{b,g), 

where = supply v^{P). 

3. The coefficient cp can be computed from C{b, g). The function w p is equal 
to the blow up solution w at the point P and the concentration coefficient 
is computed using the modulating factor 7p and is given 

2 



Cp = C{b, g)-ip Wp. 

4. Let us call CTZ the set of recurrent points, which are charged ('jp > for 
all P eCn), then 

C{b,g) ^ 



Proof. The proof is a consequence of Theorem [2] and the previous lemmas. 
Using these resuhs, the proofs of the statements of theorem 3 follow the same 
steps as in theorem 4 of [21]. Anyway, the proof of the parts 2-3-4 will be given 
in the section H] about limit cycles. | 
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4 Concentration near limit cycles 



When the recurrent set of the MS vector field f2 contains hmit cycles, the 
limits of the probability measures associated to the eigenfunctions can have 
components located on the limit cycles. Thus it is relevant to study the re- 
strictions of the limit measures to the cycles. We shall prove here that they 
are absolutely continuous with respect to the length induced by the metric g 
along the cycle. 

Moreover, we will show that the limit measures are concentrated on the 
cycles or critical points where the topological pressure is attained. Actually if 
some limit cycles are charged, then no critical point is charged. The reason for 
this is: Once a limit cycle is charged, then the speed with which the maximum 
of the eigenfunction tends to infinity when e goes to zero is determined by the 
local behavior near the cycle. 

4.1 Statement of the main results 

This section is devoted to the proof of the second part of theorem [1] and 
auxiliary propositions. 

Proposition 1 Let S be a limit cycle, the restriction of any limit of the eigen- 
function measures to a sufficiently small tubular neighborhood of S is carried 
by S and has the following form csfrSs, where /r : 5 ^ M zs the unique 
normalized (maximum equal one) periodic solution of 



cs is the concentration coefficient, S{6) the parametrization of a cycle and Ts 
the minimal period of S . 

Remarks. 

The next two propositions describe the behavior of the renormalized se- 
quence of eigenfunctions near the limit cycles. The notations are the same as 
before, supv^^v^ = u(-Pe) = and is a maximum point of v^. Finally A^~^ 
denotes opposite the Laplacian operator in M"^"^. 

Lemma 5 1. If S is charged, it contains limits of sequences P^^, where e„ 
tends to zero (see lemma 1). 



09 



+ c{S{9))f = \f{6) on S 



where 
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2. Let -Pe„,Ti G N, where e„ tends to zero, he a sequence oj maximum points 
(v^„{Pe„) = supy^fe„), which converges to a point Pq G S. Then by 
Lemma 1, since '^^^^"^ < Cte, passing to a subsequence if necessary, 
we assume that converges to a finite limit and -^(5p^^ — Sp^) to 

G(T), where T G Tp„(V^) and Q{T) the Lie derivative associated to T. 

The proof is a consequence of lemma [TJ 

Proposition 2 Any sequence of e converging to zero contains a sub-sequence 
e„ such that the blow-up sequence defined by 



WeAX,0) = = 

converges uniformly to a function w on every compact of M™^"*^ x M. w is a 
periodic solution of period Tg in 9 of equation : 

A--'w + 2 + ^ + (c(0, 9) + + Mx'))w = Xw (18) 

where ip2{x') are the terms of order 2 in the Taylor expansion of the Lyapunov 
function C along S. 1 > u; > 0, and the maximum 1 is attained. In the 
equation / f7^) . A > equals the topological pressure at S, that is 

A =< Co >s -TrB\ 

Finally, using the Orthogonality Assumption with the same notations as above, 
we have 

Proposition 3 Under the orthogonal Assumptions along the cycle , in a co- 
ordinate system defined in \l.lV iii. 9), where x„ represents the 
unstable direction, Xg the stable direction and 9 a parametrization of the cycle, 
the solution w is given by 

w{x) = z{x-,xnf{9), 

where z is solution of 
l>z>0, 

and f is a periodic solution along the cycle of the equation 

^ + c{0,9)f=< of, 
where < Cq > is average of c along the cycle. 
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Proposition H] given below gives the final information necessary to char- 
acterize the limit measure on the cycle and the value of the concentration 
coefficients. 

Theorem 4 1. When a limit cycle of fl is charged, for any charging se- 
quence there exists a subsequence, {en\n G N} and a strictly positive 
constant C{fi) > 0, such that 

hm e^/'-'vl = C{fi). (19) 

n — >oo 

2. Suppose that there exists a subsequence converging to a measure fi such 
that only the cycles Si,..,Sp are charged by this measure. If the cycles 
are of minimal period Ti, ..Tq, then 

Cif^) = — — . ■ rn 



where 7^ is the modulating coefficients. 
3. The concentration coefficients Cs along a charged cycle S is given by: 

cs = hm / vl = CifxH r fsWe [ ^ zUx')dx', 



where Ts{S) is a tubular neighborhood of the cycle, Ts the minimal period 
and the functions fs, zs come from the blow-up analysis of the previous 
results (theorem^ and proposition^^ . 

4.2 Proofs of the theorems. 

Recall that the normalized eigenfunction satisfies 

e^AgV, + e{n, Vv,) + c,v, = eX,v„ (20) 
/ v!dVg = l 

Proof proposition [2] and [Si 

Consider a coordinate system x = {x', 9) on the universal covering of a tubular 
neighborhood of the cycle 5* as defined in f ll.ip III. The blown-up function is 
defined by 

/ / m v,{^x',9) 
WAX , 6) = . 

Consider the equation 
A--^ + E ^^'^ + % + (c(0, 6) + + Mx'))w = Xw (21) 



28 



Lemma 6 Any sequence of e 's converging to zero contains a sub-sequence e„ 
such that the blown-up sequence w^^ converges to a function w > solution of 
equation l[21\) uniformly on any compact set K x . 

Proof. The blown-up metric is defined by 

ge{x',e)=giV^x',9). 

Define T^^^- by r^i^.(x',^) = T^j{y/^x',e) where the T^j are the Christoffel sym- 
bols of the metric g in the coordinates (xi, Xm-i, 6). Note that the F^j^ are 
not the Christoffel symbols of the metric gs- As e goes to zero, the sequence 
g^ converges uniformly to the metric gE =Yl^Zi dx"^ + g^^{6)d6'^. 
The sequence satisfies the equation 

LoWe + \fkLxW^ = AeWe (22) 

with 

Li = Di + v^Da 

where: 

^m-i d , ,9 ,^ ^, TrA (B*A + AB , , 

i,j=i ^ ^ 

Lq is the limit of the blown-up operator 

eAgV, = A^-^w, + V^D^iw,) + eD2{w,) 

where 



and 



^ dxidxj 



m—l /m— 1 \ r^ m— 1 rj2 m— 1 



fc=l \ jj / i=l k=l 



and 

Equation (122|) is considered in the domain B'^^^{0, ^) C R™"^ x and 
converges to uniformly on each compact set, where gE = Yl^i^ dx'^ + 

g''{o,e)de\ 
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Limit equation. Any weak limit w of when e goes to zero, satisfies 
the equation 



i,j=i ^ 



B*A + AB .2\ / / 



x',x' >^m-i)w = Xw{23) 



where < w < ess sup = 1 and limA^ = A. Actually, the sequence 

e-rO 

converges in the C°° topology on any compact set of M™^^ x 5*^, as proved in 
the appendix. | 



We now proceed with the computation of an explicit expression of the 
function solution of equation (|23|) . Let us introduce the simplified notations 
Co{0) = c{0,9). We replace the function w{x',9) by ■w{x',9), 



w{x' , 6) = w{x' , 6) exp{ 



co(t) 



< Co > 



dt], 



w is bounded, periodic in 9 and solution of 



m—l 



« rr, 1 ~ \ ^ ^ dw dw , TrA n~ / ^^N 



A final gauge transformation w = ze l<^^''^'> leads to the equation 



m—l 



z. 



Going back to the original vector field b, we have 



m—l 



(24) 



Lemma 7 The function z is given by Kolmogorov 's formula: 



z{x' , 6) 



(47r) 2 ^detg; 
where Qe = e~^^ e~*^* dt and 



w{y, Q)e-'i^^'^y''^My (25) 



i < Qe^e-'^'x' - y'), {e-'^'x' - y') >^^-i ~ < Ay', y' >r™-i .(26) 
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Proof: 



zix 



w{x', 6) exp ^- < Ax , X >^^-\^ . 



(27) 



Because w is bounded, for some constants C\ > 0, C2 > 0, for all x' fi, 

< Cie^^ll"'llK—S (28) 



\z\x 



Thus z belongs to the Tikhonov class and hence is entirely determined by its 
value for a given fixed Q by Tikhonov's theorem. Let us introduce the function: 



-dTrBs 



V\X 



m — 1 

Lemma [8] completes the proof of lemma [7| and shows that v = z. 

Lemma 8 1. v is well defined. 

2. V is a solution of equation (24\ ) 

3. v{x',0) = z{x',0) 

4- V belongs to Tikhonov's class. 

Proof. Let us estimate q{x,y,6). We have the decomposition = x 
X M, where and are the stable and unstable space respectively. If 
x' G M""\ we denote by Xs (resp. x„) the stable (resp unstable) components. 
To this decomposition of corresponds the splitting of matrices: 



(29) 





Bs 







Qs,e 
























B = 





Bu 


Qe 







Qufi 







— 





Ru 
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Asfi 








Pe = 





Pu,e 





Ue = 

















Aufi 









































where 

Qs,e = 



dt., Qu,i 



r+00 

/ e*^^n,e*^=*rft,(30) 



r+00 

A-^^ = / e-*^"n„e-*^"dt, (31) 
Jo 

and lis, n„ are positive-definite and >> 2Ids (resp. 2Id„) in the natural order 
on the symmetric operators. Hence A^^ >> 2(5«,6»- This implies that Q^l—2Au 
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is positive-definite and obviously so is Qjl — lA^. Let R^^ and be the 
unique positive-definite symmetric operators such that R^g = Q~l — 2As and 
Ru0 = Qzl ~ We now need the following operators to express q. Define 

Ps,0 = R-lQlle-'^%Pu,0 = R-],Q-y'-. 

Then 

q{x,y,6) = ^ [< UsfiXs,Xs >r^-i + < f/«,ea;«,a;„ >]Rm~i (32) 

where 
then 

Because i?^^ >> Q^^g, Qsfi » Rsl and f/^^e is positive definite. On the other 
hand 

Uu,e = e-'^'-Q:i {Qu,e - R~i) Q^^-''^^ 

Because 2Au is positive definite, Q^l >> R^g and hence R~1 >> Qu,e- So 
Uufi is negative definite. 

Relation fl32l) shows that v is well defined. Making the change of variables 
y' — > r]', rj' = y' — Rq^Pqx' in the integral of equation fl29l) we get that 

, exp- + ^ < f/ex',^' >]Rm-i] 

{An) 2 ya^tg^ 

Because w is bounded , f is in Tikhonov's class. Now it can be checked that 
V satisfies equation (l24l) . Let us show that 

limffx', ^) = z(x'O). 
But first let us state a lemma: 

Lemma 9 The operators just defined have the following properties: 
(i)For small 9 > : 

1. Qs,e = e \lds - e{^^) + 0(6^)] and Q;l = Ud^ + + 0{e). 
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2. Qu,e = e [idu - e{^^) + Q-1 ^ ij^^ + ^ Q^Qy 

3. = i7(^^+:B^_2^^^Q(^) andR-j = ^ [/d, - e{^^ - 2A,) + 0(9^) 

4. Rle - -eldu+^^-IA^+OiO) and R-} = 9 [id^ - ^(^^ - 2^„) + 0{e^) 

5. Us,e = -2^ + 0{e) and Uu,e = -2A^ + 0(9). 

6- RSiQSy^' = Ids + 0{d) and i^^Jg-^"^^" = Id^ + O(^). 
7. detg0 = ^"^-i(l + O(^)). 



(wj When 9 — > +oo : 

i;g,,, ^ oo and Q^,e ^ /o^" e-'^-e'^^uds 



(in) e^^^'-^' det ^ ^ det e^^^e^^^dr. 



Proof. For small 

9, Qs,e = 9 



l-e{^^^-^) + 0{9^) 



.Q'si = \ + ^^ + 0{9). 



Similarly Q^\ = ^ + Bu+bi Q(^Qy Yyovcl these relations it follows that: 



_ 1 Bs + B, 
Rs,e + 



Then: 

Also: 

and 



l-9{ ^'t^*' -2As)+0{9^) 



t/,,, = -2/1, + C>(^), ^7,,, = -2/l„ + O(^). 



'^n-^^-SBu 



deiQe^9'^-\l + 0{9)). 
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As ^ ^ +00, Qs,e = e-^^^e-*^'dt +00. Hence Q'l ^ , q 
-2 As and Rg^e V-2^s- We have: 



It follows that Qlle'^^^ ^ as 6 ^ +00. Also R~eQs,e(^~^^' ^ ^^'^ 

R-^Q-^e-^^^ 0. It follows that Us,e ^ e*^=e*^^*di)~^ . As ^ ^ +00, 

Qu,o - = /o+°°e-*^"e-*^"dt and i?^,, ^ i?^^ = Q-J, - 2A„. Hence 

- 0. Because = e-^^^(g-^, -Q;;i?;|g-',)e-^^", C/„,, ^ 0. 

Finally 

Jo Jo 

and 

/•+00 
io 

/>+oo 

det e^^' det Q,,^ det e^-^»* ^ det / e*^^ e*^-* . 
But dete^^» = dete^^J = e^'^'■^^ So 

r+oo 

e^^^^^^ det g,,, ^ det / e'^^e'^'-dt, 

Jo 

as ^ — > +00. This imphes that 



limv(a;', 9) = w{x', 0) exp — < Ax, x >^m-i= z{x' , 0). 

Lemma 10 The solution z does not depend on the unstable variable x„ and is 
given explicitly by 

z{x',d) = Cexp{-^ < (^j^ e^^'e^^'-dt^ Xs,Xs >}. 
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Proof. We have: 



v{x\e) 



exp — 



OTrBs + < Ax',x' >ir™-i 



(47r^)^ (1 + 0(0)) 
w (r/ + ( 1 + O (0) ) x' , 0)e- ( 1 1'?^ I IS™. +1 1^" I Ie-. ) ciry'. 



Because z is periodic, for any period 9, Kolmogorov's formula (J29l) gives: 
exp - [^Trfi, + i < Ugx', x' >r-.-i] 



z(x',0) 



m— 1 , 

(47r) ^ v^ditg^ 



(33) 



/ w{(r]' + R^'P^x'),0)e--^ 



Letting 6 — » +oo, in the expression above and using the estimates of Lemma 
(ED, we see that 



exp 



z{x' , 0) 



X / o)e~^"'^''°°''""K'"-i~^"^"'°°''''"K™-i(ir/'. (34) 

Now it is easy to check that the function on the right hand side of fl34p is a 
solution of equation fl24l) . By Tikhonov's theorem again, this function coincides 
with z. ■ 

Corollary 1 On a cycle S, we have the following decomposition 

ws{x',9) = zs{x')fs{9), (35) 



where 



zsix') 
fs{0) 



Ce-r 



exp{- / 
Jo 



exp{-i < e^^^e^^'-dtj >} (36) 



Co(t) 



< Co > 



dt}, 



(37) 



where C is the normalization constant such that supw^ = 1. 
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4.3 Decay estimate of the blown-up function near re- 
current sets 



To compute the concentration coefficients and to study the convergence proper- 
ties of the blown-up sequence w^, we use the Feynman-Kac formula to compute 
an asymptotic estimate of w^- Then we show that converges strongly in 
to its weak limits. 

In particular we prove that the sequence decays exponentially in the 
transverse direction of the recurrent set, that can be a critical point, a limit 
cycle S" or a torus, satisfying the assumptions of paragraph 11.11 The difficulty 
in obtaining such estimates is cause by the fact that the vector field is not a 
gradient. In the case of a limit cycle or a torus, the field has two orthogonal 
components: first a component along the recurrent set (which is zero in the 
case of a point) and second a transversal one. We shall prove in a coordinate 
system [x', 6) defined in a tubular neighborhood of 5*, defined in ll.ll there 
exist constants C > and Co > 0, such that 



The proof involves several steps: 

• An upper bound of the Fokker-Planck solution (see appendix II). This 
entails an estimate of the rate function of a Kac-Feynman integral, rep- 
resenting the solution. 

• An explicit lower estimate of the rate function It{x) (see definition below) 
in term of the distance of x to the limit cycle. 

4.3.1 Optimal trajectories of an auxiliary variational problem 

Here we present computations of the optimal trajectories associated with the 
rate function It{x) defined by 



We(x', 0) 




^ ^^-Codistg{x,S)^ 



for X = (x , e) e T^. 




(38) 



where 




(39) 



Consider the following functional, defined on Fj. j: 



'''' ^ t [2 



^{s) + n{^{s))\\l^^^+^>c{l{s)) ds. 
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Then for all x G V, t > 0: 



= inf J(7). (40) 

We state the variational problem in the Hamiltonian formalism. The associated 
Hamiltonian function Ti : T*V ^ M., is: 

n{z) = -< Q{7CtM^)), z > +l\\z\\l, - ^c{t^tMz))- 



A curve z is an extremal for the minimization problem poj) if it satisfies the first 
order condition for an optimum [20]. The Hamiltonian function Ti, : T*V ^ M., 
associated to the problem is: 

n{z) = -< n{7iTM^)),z> +^\\z\\l,-^c{'r^TMz))- 

This can also be expressed as 
n{z) = ^\\z- u;{nT*v{z)\\l* - ^\\u;{7iT^v{z)\\l, - ^c{nT*v{z)), 

where u is the 1- form G{fl) associated to the vector field Q {G : TV T*V 
is the Legendre transform associated to the metric g). For any trajectory of 
the Hamiltonian field 7i of Ti, z : J ^ T*V, J open interval, the function 
t E J ^ H{z(t) G M, is constant. Hence for any r E J : 

\\z{t)-uj{'KT'v{zm\l' = Mnr^vizmil* + '^'^c{7rTM4t)) + m4r))m 

Let us call Ft the flow of 7i. In a classical Darboux coordinate system z = 
{x,p), F i(0,g) = (x^, ..,p^), these functions satisfy the equations: for 

1 < 77, < m, 

^ = = -^"(^) + E^?'"(^)P'^' (42) 



dij dx yi dx Yi doc 2 

k=l «J=1 

and t Ft{0,q) is an extremal of the variational problem iff it satisfies the 
following boundary condition: 

p(T;(0,g)) = 0. (44) 
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Lemma 11 1. For any trajectory z : J —>■ T*{V) of Ti, and any t,T & J, 

imwl < K, + An{z{T)) 

where 

7 = ■kt*{v){z), 
Ko = 4sup||(]|P + 2sup||^£|P 

V V 

Ki = Ko + 2sup\\Q\\l. 

V 

2. For any t,r E J, 

\\nmg<K2 + Ksn{z{T)). 

where K2, K3 depend only on g, fl, 
Proof. 

The first inequality of the lemma is a consequence of expression (1411) and 
<2||z(t)-^(7(t)||J.+2||.;(7(t)||J.. (45) 
The second inequahty follows from 

I^ = -n{^)+G~'oz. (46) 
Statement 2 follows from the relation (41)-(42) and statement 1 of the lemma. 
Corollary 2 The field Ti, is complete. 
Proof. 

This follows from the fact that the {Ti. < i?^} is compact and invariant by 
the field H. | 

We take aq & V and consider a geodesic system of coordinates at q, {U, a;^, : 
being a geodesic open ball centered at q and of radius p such that U , the clo- 
sure of U is contained in — Cut{x). Because V is compact, we can assume 
that p is independent of q. Let (T*U,x^, ...,x"^,pi, ...,Pm) be the associated 
Darboux chart of T*V^ . Let us consider the domain 

Vn = {zeT*{V)\n{z)<R''}. 

We have 



38 



Lemma 12 1. For T > such that T{Kq + 4i?^) < p, then for any p G 
T:iV),for anyte[0,T], 

Ft{p)cT*{U). 

2. There exists a constant K{R) depending only on g, Q, and R (but not 
on x) such that in the linear Euclidean structure T*{U), defined by the 
coordinate system ..,p„) (T*{U) ~ [/ x c R^'"j, we have 

for any Zi,Z2 G Vr, any t such t{KQ + 4_R^) < p 

WiFtiz,) - z,) - (Ftiz,) - z,)\y.. < (e^(^)* - l)||.i - ^2|Im'" (47) 

Proof. The proof is based on Gronwall's lemma and uses the estimate of 
lemma 1. | 

Let us recall (|20]): 

Lemma 13 A curve z : [0, T] T*{V) is an extremal of the optimization 
problem\4^ if 

1. z is a trajectory of Ft and 

2. z{T) G OT.(y). 

We now formulate the main proposition of the paragraph 
Proposition 4 For any x E V , T >Q such that 

T<min{-^,-^log(3/2)}, (48) 

L There exists a unique curve 'y^ ^ -^^^([0, T]; V) such that 'jxiO) = x and 

Jt(x)=/(7.). 

2. This curve is located in U. 

3. 7,(T) + fi(7,(T)) =0. 

4. For anyu G H^{[{),T]-T^^V),u{0) = % e TaV.u^ 0, 

/o^{l|V7.(s)M(s) + v^.)fi||2^^^^,+ <7.(s) + ^](7.(s)),vv^](7x(s))[M(s),M(s)] 

+Vd^c{lx{s))[u{s),u{s)]ds} > 0. 
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Proof. 

(1) It is easy to see that there exists an constant C depending only on g, 
and ^ such that for all T > and all 7 G i/^([0, T]; V) 

The existence of a minimizing curve for the functional 1(7) starting at any 
X & V and for any T > is then standard. 

2) If a curve 7 : [0, T] — is optimal, then there exists an extremal 
z : [0,T] —>■ T*V, i.e. a trajectory of the Hamiltonian field 7i of Ti, lifting 7 
and such that z{T) = OT,^^y(^z(T)) (Lemma [T3l). 

Because T is small enough (inequality fHS]) ) and 2;(T) = 07ry*^(2(T)) (Lemma 

n{z{t))=H{z{T)) = -mc{l{T))<Q, 

using Lemma [T2| we conclude that 7([0,T]) C U. 

Let 7i,72 : [0,T] V he two extremal curves starting at x. Let ^1,2:2 '■ 
[0,T] — > T*(V) be their liftings. By the preceding considerations Zj([0,T]) C 
[/, for i=l,2. Choose a > 0, such that TK{R) < log(3/2), T{Kq + AR^) < 
log(3/2), Zi{0) cVoC Vr. By relation (gT]), 

||(r,(^i(o)) - zi(o)) - (rt(^2(o)) - ^2(o))||^... < (e^(«)* - i)||.i(o) - ^2(0)11^(49) 

Let us call 112 : T*{U) T*V the canonical projection related to the product 
structure T * ([/) ~ t/ x R"". 

WMirtizim - z^io)) - (rt(^2(o)) - ^2(0)))! l^^^ < 

\\rtiz,m - ^m) - [FMm - ^2(o))ii^2^, 

\\M{Ft{zM)) - ^i(O)) - M{Ft{zM)) - ^2(0)))||^2^ < 

^11(2:2(0)) -2:1(0)11^2™. 

Thus 

I|n2((r*(^i(0))) - n2((r*(^2(o)))||^.™ > ^11(^2(0)) - zi(o)||^.™. 

By paragraph 2 ),r t{zi{Q)) = Zi{T) G ^^^,y{z{T)), which implies that Ii2{{F t{zi{^))) = 
Ox and thus ^2(0) = 2:1(0). 

The proofs of part 2) 3) are consequences of Lemma [T2] and Lemma [13] respec- 
tively. We now prove Part (4) of proposition HI There exists a constant 



T7 



dt 



dt. 
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depending only on g,Q and \1/ such that for all s G [0, t], all m G T*i^_,-^V 
Also for any u G {[0 , t]; T^_^V) such that m(0) = 0^; 

«/ 

Suppose that there exists a m G -f^^([0, T]; T^^V),u{0) = 0^; G T^V,!! ^ and 



+Vd<i/c{lx{s))[u{s),u{s)]ds} < 
Then by (I50l),(l5ll) and dSJl) 

T 

2 



^llo ^^s- (53) 



Moreover 

r-T 



•-'0 

There is a constant depending only on (yf,fi such that 



Thus from (15T|) . (153|) and (15^ we get 



/ ||V,(.)tl(.)||J^^^^^rf.<2(ir3+i^4)^ \\u\\l^^Js<2{Ks+K,)T' \\V,^,)u{s)\\l^^Js. 

For T^j2{K'i + ^^^4) < 1, we get a contradiction. This ends the proof of propo- 
sition m ■ 

4.3.2 Explicit decay estimate of the eigenfunction 

Let ©e : R+ x V — M, is the function e~'^^^Ve{x), then we have 

c (99 

eAgee + 0(fi)ee + ^6^ + ^ = 0, onR^xl/ (55) 

6e (0,x) = Ve{x) for X E V. 

41 



Recall the Feynman-Kac formula: 

ee{t,x) = E, 



exp 







ds 



(56) 



is the diffusion process on V having — ^A^ — 9{VL) as generator. 

To estimate the right hand side of the relation (!56l) when e — 0, we are 
going to follow the method presented in the papers ([2] H]). For < t < T 
the function / has a unique minimum point on the set 



C°([0,t];\/,x) = {/ : [0,t] ^ V\f continuous, /(O) = x}, 



(57) 



namely 7^;, which is non degenerate by Proposition H] (part-3). We are now 
ready to announce and prove the main result of this section: 

Theorem 5 For < t < T there exists a constant Ct depending only on 
g, fl and \E' such that for 



Veix) 



< Ctexp 



tK 



Itix) 
2e 



Proof: Recall that X^{t) is a stochastic process on V having — ^A^ — 6{b) as 
generator, X^(t) the process starting ai x G V. Choose x E V. 



Vs{x) 



exp 



.(58) 



Let us define 

E, = {ie H\[0,t]; V,x)\ f^\ms) + ^{l{s))\\l,/s < h}. (59) 

We call Xi,X2,X3 the characteristic functions of the subsets of C°([0,t]; V,x), 
{7^00(7,^/1) > S,dooi'J,'lx) >r]}, (60) 



{7^00(7, ^fe) < S,doo{7,7x) > v}, 



S = {7^00(7, 7x) < v} 



(61) 
(62) 
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respectively and the distance is 

c?oo(7i,72) = sup (ig(7i(s), 72(5)). (63) 

[o,t] 

Set F{X,) = ^-dW exp (- /J {c(X,^(.)) + ds) exp - £ ^^^ds. 

Then: 



Recall that 



[F{X,)xi{X,)] + E, [F{X,)x2{Xs)] + E, [F{X,)x3{X,)] . (64) 



I:jeC\[0,t]-V) 



+00 if jeH\[o,t]-V) 



is the rate function for X^. Then it follows from the theory of large deviations 
that for some constants Mi, /i > and £1 > 0: for < e < 61, 

\E, [F{X,)xi{X,)]\ < MiP,{X, G {7^00(7, ^/^) >S)< M.exp-^-^^^. 

The subset = 1} of C^{[0,t];V,x) is compact for the weak topology. 
On the other hand / is lower semi-continuous for the same topology. Hence it 
attains its minimum on the compact {x2 = !}• Because is the only minimum 
point of / and {x2 = 1} C {7^00(75 7aO > v}^ ^ ^ ^t{x) +I2 for some 

{X2 = l} 

constant 12- Then there exists a constant M2 > such that 
Ex [F{X,)X2{X,)] < M2exp-^-^^-t^. 

For these two estimates see [3]. The study of the last term on the right hand 
side of the relation flM|) is more involved. By construction is contained in a 
geodesic coordinate chart (U,^^, ...j^"^) with pole at x. Choosing 6 sufficiently 
small we can assume that {7|(ioo(7, 1x) < rj} (Z U. Then we can take advantage 
of the linear structure induced on U by the coordinate system. We can consider 
the process X^ on U defined in the coordinate system (f/, ^'") by the 
stochastic equation: 

dX,{t) = ~n,{X,{t)) + ^a{X,{t))dw{t) 

where fi^(x) = VL{x) + eY,^. g'^ {x)T^^^{x)ek and (x : GL(m;R) is a 

function such that aa* = g and t;; is a standard brownian motion. Note that 
there exists a constant C > such that 

Ex [F(X,)X3(X,)] < CEx{x3iX,)e-^^^ }. 

For the estimate of Ex{x3{X^)e s }, we refer to the appendix II. 
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Lemma 14 For fixed t g]0,T[, there exists a constant Ct > such that for 
all X G (the tubular neighborhood of S defined in paraaraph \l.l\) . 

Proof. To prove this lemma we restate the variational problem as a opti- 
mal control problem and study the subspace £t of C^{[0,t];T*V) consisting 
of the extremal trajectories z : [0,t] — > T*V of the problem. Let be 
a tubular neighborhood of the limit cycle S endowed with a cyclic coordi- 
nate system {x', 9) as in paragraph ll.li Recall that we use the notations 
x' = {x^ , .., x"^~^),d = x"^ as in paragraph IL1[ Using this coordinate sys- 
tems, we shall identify the tangent and cotangent spaces TT'^ and T*T^ with 
X M"\ An element z G T*T^ will be represented by a couple {x,p) and 
an element r G TT^ by a couple {x,u). It is easy to see that St is relatively 
compact in C°([0, t],T*V) (Because the final point is in the zero section which 
is compact and the derivative of the extremals are bounded along [0,T]). Let 

Set 7iT*v oz = 'J. Define 



Kz) 



L 



ds 



(65) 



The functional I : £ t — ^ ^ is clearly continuous. Let £^ f be the subset 
of £ t of those z such that z{0) G T*T^ . 

Define the functional In : S f — > M, by setting In{z) = 1 17'(0)| 

where 7'(0) = {x^{z{0)), ..x"^^^{z{0))). The quotient In j I is continuous on 

Et -/n"^(0) for the C° topology. 

If this quotient is not bounded on E f — /ri~^(0), then there exists a sequence 
{z^\k G N} in £^ f - /n"^(0) such for each A; G N 



ln{z^ 
liz^' 



> k. 



(66) 



Recall that > 0. It follows from relations ([65]) and (Ell) that for all A; G N 

1 



' \\\z\s)\\l,ds < Imz') ^ I"- 



(67) 



and 



\n{z'^m = ^di\t)). 



For all s G [0,t] 

\\l"{0)-l"{s)\\l^-.<s 



f 


di\a) 


Jo 


da 



da. 



(68) 
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Using the relation fl46p . noting that ^'^(0, 0) = if 1 < g < m — 1, for an 
appropriate constant C2 depending only on g and Vt 

1 17"(0) - 7"(^) I < sC, (^1^ \ Wz'^ia) I \l,da + \ W^ia) \ g^.^da^ 

for all s G [0,t]. By the assumptions on there exists a constant C3 > 
depending only on \1'£ such that for all s G [0,t], all G N 

< ^cilis)) < C,\W'{s)\\l^... (69) 

Hence for C4 = max(C2, C2C3), for all s G [0,t] 

1 17'(0) - i\s) 1 < .C4 ^ I 1 1 J.rfa + vl;^(^'^(a))rfa) 

Using equations (l67j) . for all s G [0,t] 

ll7"(0)-7'^^)||^™-i<^C4i/n(z'=), 

||7'^0)||^.-. < 2||7'^.)||^.-i +2.C4^/n(z'=). 
Integrating on [0, t] 

t\\i'{0) 1 < 2 £ I |7"=(s) I l^^.rf. + t'C,lln{z'). 

Using the relations (l69l) . (1671) for all A; G N 

t\W'm\l,.-i<i2Cs + t'C,)lln{z''), 

9C 1 

\W\mlr.-.<{-^ + tC,)-Iniz% 

Off 1 

Iniz^) < (=^ + tC^)yIn(z^). 
t k 

For k so large that (^y^ + tCi)^ < 1 we get a contradiction. This ends the 
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proof of the lemma. | 

Using the resuh of the lemma, we conclude that 



< Ct exp 



Itjx) 
2e 



Ws{x) < Ciexp [— C2||x'||^™_i] 



(70) 



Ci,C2 are two positive constants independent of e. In particular, we have for 
a point, a cycle or a torus belonging to the recurrent set. 



WAX 



< CiBxp [—C2distg{x,SY~\ 



(71) 



Corollary 3 Any sequence of e 's converging to zero contains a subsequence 
En such that converges in L2 to the blown up limit function w. 

The proof follows from lemma ([6]) and inequality (ITOjl . 

4.4 Absolute continuity of the limit measures on the 
limit cycle 

In this paragraph, as stated at the beginning of section HJ we shall prove that 
along a limit cycle, the limit measures are absolutely continuous with respect 
to the length. The proofs are based on the decay estimates, established in the 
previous paragraph 14. 3[ 

When a cycle S is charged (see definition [3]), we shall prove that: 

Proposition 5 The restriction of a limit measure fi to a cycle S is absolutely 
continuous with respect to the length. 

Proof. Let {vejn G N}, — > as n — > 00, be a sequence such that the se- 
quence of measures ^"^"2'^^,/ In G N converges weakly to u. For simplicity we 

shall assume that the fe„are normalized {Jy vl^dVg = 1). Let {U, Xi, ...Xm-i, d) 
be an adapted coordinate system for the cycle S as in paragraph 11.11 such that 
U D T{6) the image of which is the set {J2f=i ^"j — ^^}- Let iphe a continuous 
function defined in the tubular neighborhood T{6). Then: 

cpdiJ, = lim / (pv"^ dVg. 



Take 'pix) of the form ip{x')ri{9), x' = {xi, ...,Xm~i)- Using the blow-up 
analysis of theorem [2], for all 6 > 0, sufficiently small 



m — 1 



'T{5) Jo JB'"-l(<5/^/^)x{6l} 
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where dTig^^ is the measure induced on each n-1 dimensional ball B"^ ^(5) of 
radius 6, transverse to the cycle by the blown-up metric gs„- 

m — 1 

Since the sequence v'^^Sn ^ converges as En goes to zero (see the next sub- 
section), the blow-up analysis of theorem [2] and the decay estimate along the 
cycle show that the integral 



/ 

2 / / 




converges as e„ goes to zero. Indeed, We„ converges strongly in L2(M™^^ x S^) 
to a blown-up function ws and by Fubini theorem, 

lim / rfS, = [' [ wl{x' ,e)ip{0)r]{e)dx'de 

fwUx',9)dx'de. 

I Jo 
Since by Proposition [3] 1^5(0;) = zs{x')fs{9) and 

^{0)ri{e)wl{x',e)dx''-^d9 = / _^ ^/'(0)4(x')rfx""i [ ' fl{e)ri{0)d9. 



, m — 1 



If 6^' denotes the Dirac measure in the transverse variable x' only, the nor- 
malized eigenfunction sequence converges in the distribution sense and on the 
cycle S, 



^}i^jldv, = ^J^_^ zl{x')dx'j 5,, ® fl{e)de. 

Another representation of the continuous component of the limit measure is 

% = m= hm / vld-L, 

au n >+oo J 

where Hi denotes any hypersurface cutting the orbit at the point of abscissa 
6 = I transversally. The limit is independent of the choice of the hypersurface. 
■ 

4.5 The limits of sup^ 



Let us recall that Vs„ = supy Ve„- We shall now prove that either t>^ £ ^ 



en 

m — 1 

^,2 



converges to zero and then no critical point is charged. In that case vj^e 
converges to a strictly positive constant and at at least one cycle is charged. 
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To prove this statement, we use the L2 normahzation condition 

<dV, (72) 



and we perform the blow-up change of coordinates in the neighborhood of the 
recurrent set. Outside any neighborhood of the recurrent set, the sequence v^^ 
converges to zero in L2 (see |24j). 

•JVm \ 5 JTs{5/e„' ) p JBp{5/en' ) J JV^ 

where 

VL = Vm- \jTs{6le\/^) -[jBp{5le]!'). (74) 

s P 

The first sum on the right hand side is extended over the hmit cycles and the 
second over the stationary points. 

The last integral in the r.h.s. of equation (1731) tends to zero, because we 
integrate over an open set whose closure does not intersect the recurrent set (see 
the proof in [2^). 

After selecting a subsequence if necessary, there exists a component C of 
the recurrent set and a sequence Qn such that 

2. Qn ^ Qoo ^ C. 

3. Q^, This difference is taken in the linear structure defined 
by the coordinate system introduced in 11.11 Q^: belongs to the blown-up 

space M"" or x S\ 

Let us show that w is not identically 0. We know that it converges uniformly 
on any compact set a to wc and 

lim We„( ^" Qoo -^ ^ wciQ*) = 1. (75) 



We conclude that wc is not identically 0. If C is a point, using Corollary [3] we 
have that Ws„ 

lim 



n— .+00 7^^(5/^1/2) 



wi (x)dVa^ = / wUx)dx > 0. (76) 

If C is a cycle, we have 

lim / ix)dV„ = I wl(x',e)dx'de > 0. (77) 
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We conclude using formula (1751) and the previous identities (17^ or (177|) . that 
after selecting a subsequence if needed. 
If C is a point: 



lim v'^ > 0. (78) 

n >+oo " 

If C is cycle, 

m — 1 

lim v^^jn' >0. (79) 



n >+oo 



When a cycle is charged, it follows from formula (!73l) that no point is charged. 

For any component S of the recurrent set, selecting a subsequence if needed: 
if S is a cycle. 



wi{x)dV,^ = C-\b, ghl I , ^,w'c{x,e)dxde, (80) 

If S is a point, we have 

wl{x)dV,^ = C-\b,gH f^U^)dx, (81) 

Bs{S/en' ) JR 

lime(™-^)/2t;,2 = C(6,(7). 



If no cycle is charged, then 

Q^r J R- 



Sec 

If at least one cycle is charged then 



C(b,q) = \ 7?. / w%(x,9)dxd9. 

When several cycles are charged, using expression (1751) . we obtain an exact 
expression of the limit measure /i. If C denotes the set of charged limit cycles 
then 



Esec ll (t- 4{x')dx') Ps{e)d9 ' 

where we have used the result of corollary [H When no cycles are charged, we 
have 



where Csing denotes the set of charged critical points where the topological 
pressure is achieved. This ends the proof of theorem H] parts 2-3-4 of theorem 

m I 



49 



5 Concentration on two-dimensional torus 



In this section, we shall study the limit measures of the sequence v'^dVg, when 
the recurrent set of the vector field b contains hyperbolic two dimensional torii. 
We shall not try to extend our results, when the recurrent sets are of dimension 
n > 3, but it is likely that similar results are valid on n dimensional manifolds 
under some restrictive assumptions. The characterization of the limit measures 
remains an open problem, even in dimension 3. 

However, we will examine the concentration of eigenfunctions along two 
dimensional torii and show that the limit measures are absolutely continuous 
with respect to the probability measure on the torus invariant by the flow of 
b (see assumption IV in ll.ll the restriction of the field to the torus generates 
an irrational flow). 



5.1 Main result 

Theorem 6 On a Riemanian manifold {V^g), let h he a hyperbolic vector field 
such that the recurrent set IZ consists of points Pi, Pm, cycles Si,.., Sn and 
two-dimensional irrational torii Ti,..Tr and assumptions I-IV of section [777] 
are satisfied. 

Let > be the first eigenfunction of L^, normalized using the L2-norm. 
We denote by C, a special Lyapunov function. The set of weak limits of the 

probability measures j ""M2e--g/w '"^^^'^ ^ 9*^^^ -^^^^ ^■^ contained inside the 
set 

A2 = {/i = ^ cp5p + ^ ar^r + ^ h^dj, cp > 0, ar > 0, bj; > 0}, 

PeStp reStp TeStp 

where 

6j{h)= f hiei,e2)fTiei,e,)dSj, 

Jt 

^'^T — j!^^d9id92 two-dimensional normalized measure on T invariant 

under the action of the field b and /f is the unique solution of maximum 1, of 
the equation 

li2 = I cdSj. 
Jt 

The measures 6p, 6r were defined in the previous sections. 

When the topological pressure is achieved at least on one torus, the maxi- 
mum of the sequence = u^e~^^'^'^ goes to infinity and 

lime"/2-i^;2 ^^(^,0), 

e— >0 
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where the constant C{Q,c) is given by 



C{n,c) 



1 



the sum is extended to all torus where topological pressure is achieved and 7t 
are the modulating coefficients. If the topological pressure is not attained on 
any torus, then the torii do not contribute to the limit measures. 

Remark 1. If at least one torus is charged, the critical points and limit cycles 
do not contribute to the limit measures. On the other hand, if no torii are 
charged, the description of the limit measures is the same as when no torii are 
present. 

Remark 2. Instead of two dimensional torii, we could have considered more 
general compact surfaces in V invariant by the flow of b. But we do not 
know what assumptions should be made on the flow restricted to the surface 
in order to determine the limit measures. We have restricted ourself to two- 
dimensional irrational torii, because we have no knowledge of the properties 
of the limit measures on other type of recurrent sets. The case of a torus 
is tractable because it has minimal flows [27]. Our assumptions on b imply 
that its flow on the torus is minimal. On the other hand, no other compact 
surface admits minimal flows (the standard argument is coming from the Euler- 
Poincare characteristics). 

Also it is conceivable that limit measures on general surfaces for general 
flows could be concentrated on proper subsets of the surface. These subsets 
could be recurrent subsets of the restriction of b and this in spite of the fact 
that the topological pressure is achieved on the surface. 

5.2 Fundamental propositions 



Proposition 6 The topological pressure of a two irrational torus satisfying 
assumptions IV is given by 



where dH is the unique probability measure on the torus invariant by the flow 
of the restriction of b to T, Bg is the stable component of the restriction of the 
field transverse to the torus. 



We have 



TP 



cdH - trB, 



T 



Proof. 



51 



Let us recall the formula |31j : 



)(iz/|z/ probability measure on T invariant by the flow 

t=o 

where is the restriction of the Jacobian to the stable manifold along T, hi^ 
is the entropy, equal to zero ^41j. In the present case, since the restriction 

of the flow to T is ergodic, there is only one invariant probability measure H 
and dH = ^^0^- Moreover, using the notation of paragraph ll.il = 
-trBs. W 

The precise characterization of the concentration of the sequence is ob- 
tained by studying the renormalized sequence w^, centered at a maximum 
sequence point, which concentrates on a torus. In the normal coordinate sys- 
tem {x', 61,62) along the torus, defined in section [LIl -IV. the function is 
given by 

( ' a Q\ Ve{y/ex',6i,62) 

We{x , 61, 62) = = . 

We have 



TP = svip\K+ /(c + 



Proposition 7 If a function w is a limit of a sequence as e tends to zero, 
then the convergence is uniform on any compact set o/M™"^ x Tj, where Tj is 
the flat two-dimensional torus. 

// A^~^ denotes the Laplacian on M™~^, then w is a weak solution of the 
following equation 



dw 



c{0,6,,62) + ^ + ^{x') 



w 



< w <1, 



where b = {ki, ^2); x' are the transverse coordinates, Qij is the transversal part 
of the field Q and fi is the first eigenvalue of the operator on the left hand side. 

The proof will be given later. The most important result is the following 

Proposition 8 The function w of proposition^ is in fact regular and can he 
written as the product of two functions in the variables x" and 6' respectively 



w{x) = w^{x')f^{6'), 



where Wf and f satisfy 



dx^ 



+ '^{x')wy = ^iWj on 



nm—2 



(82) 
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and 

(fi//,V/T) + c(^')/T = /i2/T (83) 
/Xl + yU2 = /i, (84) 

where 

III = -tr{Bs) (85) 



the first eigenvalue of the operator Am-2 + ^ij^^ + ^{x') and 



IS 



fi2 = cdH. 

J 1 

Finally, using the blow-up analysis, we can characterize the limit measures 
along the torus by 

Proposition 9 //z/ denotes a limit measure on a torus T, then it is absolutely 
continuous with respect to the invariant measure d9id92. If hj{9) is the density 
of V with respect to the probability measure invariant by the flow, we have 

'y^ w'^{x")dx" 2 

Et'gs' Jr Jr"-^ w^4xf4{e)dSY 

where is the function defined by proposition 7^ is the modulating coeffi- 
cient and S' is the subset of torii, where the topological pressure is achieved. 

Proof. By definition of the concentration coefficient (see definition H]) , Propo- 
sition is a consequence of Proposition [HI the L2 convergence of the blow up 
sequence and Fubini's theorem. The convergence of the sequence in L2 
can be proved following the steps of section I4.3.1t In a tubular neighborhood 
T{5) of the T, there exists constants C > and Cq > , such that 

W,{X", 61,62) = ^-(^'^'^J^1^2,) ^ ^^-Cod^sti.J)^ fo^ ^ ^ 



The limit measure hj;{6) restricted to a torus is computed using a regular 
solution of a transport equation that we shall describe now. 

Lemma 15 On an irrational torus T endowed with the coordinate sustem lTl] 
consider a C°° function c and the field 
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where ki and ^2 ore defined in If the small divisor assumption ^ is 

satisfied, then the space of regular and hounded solutions /f of the transport 
equation 

< n", V/t > +c(0i, 62) fT = (88) 
is of dimension one and necessarily 

fX2= [ ciei,e2)dH. 



Proof. 

The existence of a solution of [88] is obtained by developing c in Fourier series. 
Writing w = e^, 

< ^]//,V/^ >= A-c(^i,^2). (89) 
We look for h as a Fourier series 



i{miki+m2k2) 
m2^ ) 



mi ,m2 



Because c is C°°, it can be expanded in Fourier series 



0(61,92) = ^ Cmi 



i(mifci+m2fe2) 
m2'^ ) 



mi ,m2 



where the coefficients Cmi,m2 ai's rapidly decreasing. From equation fISS]) the 
coefficients are given by 



hmi,m2 =i .^""V""' 1 ' {1^1,1712) ^ (0,0). 

The compatibility condition coming from the topological pressure insures that 
= co,o = Jjc{9i,92)dH, which is exactly the Fourier coefficient. It is well 
known that the small divisor condition ([5]) implies that the sequence /imi,m2 is 
rapidly decreasing and thus h exists, is a regular function and so is w = e'*. 
We remark that since h is defined up to an additive constant, the space of C°° 
solutions of equation ( l88l) is of dimension of 1 . 

Remark 1. The value of fi2 can also be obtained by simple considerations: 
the function ff solution of equation (IHH!) is given by the formula 

/T(X(t)) = /T(X(0))e^^*-/o^(^W)'^^ 
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along any trajectory X{t) of the restriction of b to the torus. The function 
/qp is positive on the Torus, because the trajectory X(t) is everywhere dense. 
Also, there exists a sequence t„ — > +00 such that — > X(0), hence 

lim e^^^"~-^o" ''^^^^^^'^'^ = 1. 

n— >oo 

This implies that 

1 /■*" 

/i2 = lim — / c{X{s))ds. 
Using the ergodic property of the trajectories, we get 

lim - / c{X{s))ds = [ cdH = H2- 
t Jo Jj 

5.3 Proofs of Proposition [7] and [8] 

We have shown on several occasions that the sequence v^dYg concentrates on 
the set = {x G V, \^ c{x) = 0}. Moreover the sequence converges 
uniformly to zero on any compact set K G V — Zq,. The blow up function 

We{x ,01,92) = = . 

satisfies in a tubular neighborhood Tj'{S) of the torus T, the following equation 

Ar'w,+ < fi//, V^. > +^^^^^ + + ¥ + ^"^f''"h n^s + Rs{x", 9,, 92) = W,(90) 
where 

Re = ^/eLl{we) + eL2(we) + eQ(w^e), 

and A^~^ is the Laplacian in the x"— variables only, converging uniformly to 
the standard Euclidean Laplacian operator on the class of functions with com- 
pact support defined on M"*^ . Li and L2 are first order operators containing 
Christoffel symbols and il^^ is defined in ( 1871) . 

As e goes to zero, every limit w oiw^ satisfies in the weak sense the following 
equation (the argumentation is similar to the one provided for limit cycles) 

A'^^'w+ <n//,vw> + + (c(o> ^2) + 

id 

+ Mx"))w = I2W on R"-2 X T^, (91) 
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where 



/i = lim A^. (92) 

n— >oo 

It is understood that this equation is defined on the universal covering R"-"^ x 
of the normal bundle of T in V. ip2 is polynomial of order 2. Consider 

6) = ^j^i^Q-^ , where the function /x is defined in Lemma [T5l then 
^ + ^i^ + ^2^ + $^a,x^^ + (^^ + ^2(x'))ti^ = /xit^;, (93) 

where /xi = —trBg, this relation follows from the definition of the Topological 
Pressure. Along the characteristics, (6*1 = ki,92 = ^2), we define 

wix',t) =w{x",9iit),92it)) (94) 

then 

Because w is a solution of a parabolic equation, by the regularity theorems (see 
the case of limit cycles), we conclude that the solution is regular. Moreover 
on each compact set of R"~^ x R^, w is the uniform limit of a sequence We„, 
where e„ goes to 0. To derive an explicit expression for the function w defined 
by equation (|95l) . we use Kolmogorov's representation formula. Define 

z{x', t) = w{x', t) exp < Ax', x' >iRm- 

then 

-tTrB" r 

K^'. t) = ^ / w{y, e„ e,)e"^^^^y^'Uy. (96) 

(47r) 2 ydetQ^ -'ffi™-! 

This notation have been introduced in lemma[71 w is regular and bounded, thus 
we conclude as in lemma [7] that z is well defined and belongs to Tychonoff 's 
class. Because z is not a periodic function of the variable t, we cannot use 
lemma [10] to conclude. We have to modify slightly the proof of lemma [7] to 
obtain an explicit expression of the function z. Instead of periodicity, we use 
the density of the fiow of Vt^^ on the torus: We denote by r(t, 61, 62) the fiow 
offi//. For any point (^1, 62) , there exists a sequence tn converging to infinity 
such that ritn, 61,02) — ^ {Pi,d2)- For n sufficiently large, 

\~z{^\ Oi, 62) - ^ , X 

I w{{r]' + R-^Pt^) ,^i,^2)e~^ll^='*"''^llK— 2"^II^"''"''"IIm— irfr^'l < -. 
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Here, we have used relation (155]) . Using the continuity of w and letting n go 
to infinity, we get 



z{x\0i,92) 









exp — 


['(■ 











where 



This identity proves that w is the product of two functions: an exponential 
function depending only on the variable Xg and a function x of the variable 

(^1,^2). 

Finally, setting 



(97) 



Because w satisfies equation (182|) and /t equation [83l x satisfies the equation 

< fi//, Vx >= 0. 

Since is ergodic, we conclude that x is a constant. | 
Proof of proposition [9] 

The proof uses the explicit expression of the function w given by expression 



(l98l) . Indeed, following the steps of section it can be proved that there 
exists a sequence We„ which converges to w in L2(]R"~^ x T) . Using propositions 
[7] and M we have 

JV-n. o JBp(S/e„,) JTr(S/e„) 



^2 g(m-2)/2 



E / wl{^x\e^,e2)dVg,^. 



Now suppose that a torus is charged, 

hm el'"-2)/2 = 00 
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and in that case, 



lim ei™-^)/2 _ ^2 A 



(m)/2 



thus no cycles or points can contribute to the hmit measure. Using the expo- 
nential decay of the sequence We„ and the strong convergence in L2(M"~^ x T) 
to the function w, we obtain the following expression for the constant C: 



where the sum is extended to the charged torii, where the topological pressure 
is attained, is a modulating coefficient. When no torii are charged, the 
limit measures have been studied in the section H] on limit cycles. | 

6 Conjectures and open questions 

In this section, we offer some conjectures and state some open problems. 

An interesting extension of the present work would be to study the blow up 
function on a component of the recurrent set that is a manifold Mk of dimension 
k (> 2) normally hyperbolic. Probably to obtain substantial results, one has 
to make more assumptions on the hyperbolic structure and the restriction of 
the field to the manifold, such as assuming that the restriction is ergodic (with 
respect to some invariant measure on the manifold). 

For example, it could happen that with some unspecified assumptions on 
the field and on Mk , we could have a variable-separation phenomenon for the 
limit of the blown up sequence as in lemma [15] for the case of a torus and in 
proposition [3] for a cycle. 

In a different direction, if the restriction of the field to the manifold has 
a nonzero entropy, it would be interesting to study the limit of the blown up 
function, as we did here in lemma [T5l when the entropy is zero. In particular, 
one can expect a new characterization of the entropy /i as follow: 



where X{T) is the flow of the fleld restricted to Mk, is a nonzero solution 
of equation 




n — 2 



^\w^{x'fh{d,,d2)dx'de,de, 



'2, 



/x= lim - \nwM,{X{T)) 

1 — ^■OO ± 



(99) 



Vl^/ is the restriction of the fleld to Mk and 



k 1 



(100) 




(101) 



H is the unique invariant and ergodic measure with respect to Vt^ L 
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6.1 Anisotropic concentration when ^ vanishes to order 
4 and more. 



In the present work, we have assumed that the special Lyapunov function \l/£ 
vanishes at order 2 on the recurrent set of the field. However, when vanishes 
to a higher order (four or more) , the analysis used here to study the concentra- 
tion process of the eigenfunction sequence does not apply anymore: when 
vanishes at order 4, the limit measures are not necessarily concentrated on the 
components of the recurrent set on which the topological pressure is attained. 
In fact, the sequence may not converge in L2 because in equation (I^Sj) . the 
function ^p2 is identically zero. To analyze furthermore this case, we consider a 
small ball centered at a saddle point 5* where the dimension of the stable and 
unstable spaces satisfies + niu = m. Consider a canonical cartesian struc- 
ture in the neighborhood of a saddle point, defined by the stable and unstable 
manifolds [STj. In that cartesian structure {xg (stable), Xu (unstable)), define 
the following cones: for small 6 > 0, 

Cs{6) = {x = {xu,Xs) such that | |<| |< 5} 

and 

Cu{S) = {x = {xu,Xs) such that | |<| x„ |< 5}. 
We have the following: for small 6 > 0, 



lim ; = 0. (102) 

This shows that concentration does not take place in all the neighborhood of 
the saddle point. Rather, it occurs along the unstable manifold. This is a 
totally anisotropic concentration. 

We are now going to prove formula ri02[ Because the sequence We„ converges 
to a function Wg and all these functions decay exponentially in the variable Xg 
only (in the neighborhood of a stable manifold), we have in the cartesian 
coordinates, 

lim — J—- [ v^dx = lim / w'^(xs) [ dx'^dx^ < 00, 

where the exterior integral converges because dx^ is bounded by a 

polynomial in and wl decays exponentially. 
Now, 

I < = [ dx- [ wl{xs)dx^ 

where C > is a constant. Thus the ratio in equation 11021 converges to zero. 
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6.2 Final remarks 



6.2.1 Concentration near polycycle 

When the recurrent set of the field contains polycycles, (that is a close curve 
which is the union of critical points and separatrices joining these points). In 
that case, we expect that the concentration will not occur uniformly on the 
polycycle, but rather at the critical points. It is unclear what is the effect on 
the concentration phenomena of the discontinuity of the tangent vectors at the 
critical points. 

6.2.2 The case of Hamiltonian systems 

We have developed here a method for hyperbolic field, but for Hamiltonian 
systems, the present method cannot be applied and a new approach has to 
be introduced. In particular it is not clear what is the support of the limit 
measures. 

6.2.3 Study the spectrum 

The characterization of the set of possible limit measures of eigenfunctions 
associated to other eigenvalues remains an open problem. Such a study is fea- 
sible because for a Morse-Smale drift, the blow up analysis near the points and 
cycles leads to an eigenfunction problem of the Ornstein -Ulhenbeck operator 
and the solution can be expressed explicitly by Hermite functions. 

6.2.4 Asymptotic computation 

The existence of a asymptotic expansion, 

Ae ~ topological pressure + Jie^^^ + + ... 

of the first eigenvalue as a function of e is an open problem and so is the 
determination of the coefficients Ik- 

6.3 Appendix 

l)The notations are those of the section "Proofs of the theorems" except we 
denote the function w by Wq so as to avoid confusions. First let us show that Wq 
is Recall that wq belongs to Lf^^ and that it is a weak solution of equation 

m— 1 m—1 a o \ n 

7^ + E + 9^ + + ^) + ^^^^ = 

The theorems 13.4.1,page 191, vol. II and 4.4.1,pagell0,vol I of ([26]) show 
that any weak solution of such a parabolic operator is C°°. 
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2) Recall the operator: 
where: 



m-l „2 ™-l Q2 Q2 

i,j=l i=l 



= E ( ^ - ^ E 1 7^ + f - E rfr;^ ) ^ 



L - c + ^^^^^^ + 

-t^Oe — Ce i 1 

2 £ 

and yi^- = ^^^(x'Vi,^),! < < rn, r,\. = r^,(x'Vi, (A,/:)^ 
/^gC{x'y/e, 9), — c{x'y/e, 9), ^ ce — ^ c{x'\/e, Using Schweins'formulas 
can write: 



fe=l 



4. - E I + E «f ri J ^ W + ^ E *rri. ^ 

where: 



for k=l,..,m-l, 



1=1 
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XI is the formal adjoint of 



k g 



for k=l,..,m-l, and 



i=l 



m—1 r% o 



i=l 



where 1 < i < j < m: 



VG{jj)G{j + Ij + 1) 



and 



GUj) = det{gf;j<a,P<m} 

G{ij) = det{gf;i<a<m,j<f3<n}. 

gf{x',e)=gf{V^x',9) 
When e — > 0+, Lq = L^q + L'^q + Loo where: 



-^20 - ~ 



Recall that by our choice of coordinates along a cycle ^'"(O,^) = l.Also 

as e 0,if 1 < k < m — l,and X^ 0. 
We know that w is a weak solution of the equation: 

Low = Xw (103) 

where A = limAe. Hence it follows from Theorem 22.2.1,page 353, in volume 

274 of ([2S]) that u; is a solution of equation ffTU5]) . 
On the other hand for any e > 0, w^satisfies the relation 

m—1 / 



L,w, = Kw, on RxBi;'-\6/V^) 
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Let Se = Ws—Wq. Then satisfies the following equation on MxBJ^ ^{5/ ^/e) 

LA = XA + {Lo - L,) wo + {X,-X) Wo (104) 

It is easy to see that for any compact /C cM™"^, there is a e/c > 0,such 
that /C CBI^~^ {6 / ^/e) if < s < e/c- Moreover there exists a differential 
operator defined on Rx B^~^ {S / y/e^) such that 

Le — Lq = ^/ePe 

Taking a compact set /Ci, two functions 0i,02 in C^(M™~"^; [0,1]) such 
that 01 = 1 on /Ci and that 02 = 1 on the support of 0i, for any s > 0, there 
are constants cr = cr(/C2) > 0, r < 0,(7^ = C(s,0i,02) such that for all £, 
< £ < efC2 where /C2 is the support of 02, 

II0AIL+, < Cs (e ||02«^olL+2 + \K - A| ||02U;olL + I 1025.1 (105) 

This follows from Lemmas 22.2.4, page 356 and 22.2.5,page 357 in vol. Ill 
of ([26]). Because in our case the coefficients of the operator and all their 
derivatives are continuous functions of the variables {x' fi) and also e G [0, l],it 
is easy to check that all the constant appearing in the proofs of section 22.2 
in vol. Ill of ([26]) can be taken independent of e. 02^0 is the strong limit of 
the sequence {02We„|n G N}in any space Hp with p < 0. 

The equation (I105p implies that the sequence {5e„|n G N} and all its derived 
sequences tend to uniformly. 

/q* -if i^(Xe)(s)ds 

6.4 Appendix II: estimation of Ex{xi{^e)^ ^ } 



e 



X3 = XE3, E3 = {7^00(7, 7x) < v}- Evaluate: E^xsiXeit)) exp 

dXe{t) = -ne{Xe{t))dt + V2ia{Xe{t))dw{t) , (106) 



where 



Qeix) = n{x) + en{x), where (107) 

m 

Q'' = J2 9^'^\j^ l<k<m. (108) 

ij=l 



Define 



= X,-7,, (109) 
dYe{t) = -(7^. + a(n(t)+7x(t)))c^t + V2icT(n(t)+7,(t))rfu;(tXllO) 

Define 

dZ,{t) = {QMt)) - QeiZeit) + 7,(t))) dt + V2^a{Z,{t) + j,{t))dw{t) (111) 
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Applying Girsanov's formula between and Z^, we get 



dP I 

— ^ = CXp{- / < 7^(s) + QeMs)), dZ,{s) - n{Z,{s)) + n^{Z,{s) + 7a;(s)) >3(Z,(s)+7.(.)) 

d^Ze Jo 

+1 /'ii7iw+a(7.w)ii:<,,.,„.,.„} 

«/ 

^.[X3(^. W) exp (- /J M|(£M) ^ [;^3(z,(t) + exp (-7(t))] 
1 /■* 

7(t) = - / ^c(Z,(s) + 7.(s))+ < i.(s) + nMs)), V2ia{Z,{s) + -f,{s))dw{s) >g(zs)+i.) + 
^ ./o 

lj['||7iW + Si(7.W)llk,„„.„„<i« 

dzi = - — (7a;)2;idi + V^(7(7j;)dw, (112) 



dz' 



— {lx)z2 + o 7:m(7a:) [Zl-, Zi] + l^(7a;) 



where [zi, Zi] mean the tensorial product. We define the following notation: if 
A and B denote two n-dimensional vectors, A S is a matrix of coordinates: 

dfl d^D. 

dR3,e = {-^{lx)R3,e " 7TrT2(7x) [zi © R2,e + VeR2,e © R2,e\ 
Ox i^(jx) 

1 ^ 

- / ^-^-—^{j. + ez,)[R,,,QR,,eQRi,e]de+ —{^, + ez,)[R^,,]de}dt 

Jo ^ (ox) J Ox 



+ V2^{j,)[R2,e]dw+ / (1-^)— 42(7a. + ^^s)[i?M0i?M]rf«^rf^ 

Ox Jo [dx) 

dfl 1 d'^fl 

dR2,e = {-g^{l.)R2,e~^-^hx)[Rl,.QRlA- 

1 ^ 

/•I /I _ fl^2 P3r) /• nr) 

\/i y ^-^^-—^{^, + ez,)[R,,,QR,,,QR,,,]de + J —{^, + ez,)[R,,,]de}dt 

° 

+V2^{^,)[R2,e]dw+ / {l-9)—^{^, + 9Z,)[Ri,,QRi,,]d9dw 
ox Jo (ox) 

64 



Let us decompose 



where 



ds, 



(114) 



(115) 



ifc=l 



ijk=l 



z'[ds + 



V2 



^0 



fe=i 



^E 



2 ^ ax*^ 

ijk=l 



(7i* + ff(7j)(7?+S^'(7j).i 



J E ^^•' + «'(7.))(7-+S^'(7.)).W^E^*i 

ijkl=l 



2 dx^dx^ 

kl=l 



+ 



"^0 ijkl=l 



dx^ 



dx^ 



hit) = hl{t) + h2{t) + hsit) + /34(t) 



^31 (t) 



\ dx^ 2 ^ Sx*^ 



E 

k=l 



ij=l 



ij=l 



hs{t) - VeJ^ ^Z.^( dxWdx- + 

ijfei,n=l 
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ijkl,n=l 



Estimate of Ii{t). The Euler-Lagrange equations of the minimization prob- 
lem imply that if we set, for 1 < k < m 

m 

Pk = + ^"hx)) 

1=1 

we have using equations |12], |13] of the Hamiltonian system, 

dpk _ d^cil.) 1 ^ dg^^i^,) ^ dQ^i^,) 
W« f)^k 2^ dx^ PiPj + 2^Pj- 

ij=l 



dx'^ 



Hence: 



tj=l 



ds dx'^ 
This implies: 
1 

hit) 



dx^ 



m / , m 
.A;=l \ j=l 



Using the stochastic equation for Zi : 



io 



, m 



/ 3=1 \ j=l 



hit) 



Jo 



m J m 

J^^^ds + J^P'^dz'l 



k=l 



But, ^1(0) = 0,1 < k < m and according to the boundary conditions for the 
optimization problem Pkit) = 0,1 < k < m, thus 



hit) = 0. 
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Estimate of hit)- Proceeding as above: 



-/* 

Jo 



E 

.fe=i 



2 ^ 

ijk=l 



(is 



z^dt 



and using the stochastic equation for Z2 

ft rn 



- ijkl=l 
•^0 fe=l V 



(7.)) 



a- 



^> ^k 



2 dxWx^ 



ds 



Then inserting these expressions in l2{t) 



hit) 



4 dx^dxl 

ijkl=l 



(7;'^ + f)^(7.)(7;'^ + i^^(7.)^^i+ 



dxWx^ 

jk,l=l k=l 



t m 



ijkl=l 



^^0^iy^ + n\^.))a^\^Mdwi 



The second variation: 



1 



2V(7.)[^,^] 
ft / 1 "I 



dx^dx^ 



z^z^ 



+ 



+ E + E Sr(7J-')(^" + E Sj(7J-'-) I <i» 

ji=l i=l k=l 

/'E^(Ti' + ^>'(Tj)(d.' + E||(Tj.'d.^ 

"'o yfc=i \ 1=1 y 
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Using the stochastic equation for Zi, we get 



"'O ijkl=l 



ijk=l \ 1=1 

ii=l i=l k=l k=l 

Using considerations of paragraph 7.8 of [2j p274-275, we conclude that 

Pri-hit) >r} < e-'^^ 
where c > 1. This imphes that there exists a /5 > such that 

E,(exp-(l+/3)/2(t)) < +CX). 

Estimate of /3(t) 
We have 



/33(t) = o(v^(:Ri;)'), 

where if Xg, Yg, s G [0, T] are two processes, we say that Ys = 0{X) for s G [0, t] 

if y < KX, for some positive constant K, and where X = sup Using 

se[o,t] 

the same consideration as in |2j p 270-271, paragraph 7.8 , we conclude that 
there exists a function p{a), defined for all positive a small enough, such that 
if the radius 1] of the ball E3 is smaller then p{a), then 

We conclude that there exists a constant C > such that 
Ex{X3{Xe)e - }<Cexp{ }. 
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